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Abstract 

Let B 3 be the closed unit ball in R 3 and S 2 its boundary. We define 
a family of pseudo metrics on B 3 . As an application, we prove that for 
any countable-to-one function / : S 2 — > [0, a], the set 

MM 7 } — {x £ S 2 | there exists y € S 2 such that f(x) — f(y) > nd,E(x,y)} 
is uncountable for all n £ N, where d,E is the Euclidean metric on R 3 . 
2000 Mathematics Subject Classification ; 57N05, 57M40 

1 The family of pseudo metrics 

In this section we construct the family of pseudo metrics on the closed unit ball 
B 3 C R 3 . As usual, a nonnegative function d : B 3 x B 3 — > R is called a pseudo 
metric if 

1. d(x, x) = for all x € B 3 

2. d(x, y) = d(y, x) for all x, y € B 3 

3. d(x, y) + d(y, z) > d{x, z) for all x,y, z £ B 3 . 

Let C R 3 be the 2-sphere with center O = (0, 0, 0) and radius < r < 1. 
We write to denote the Euclidean metric on R 3 . A metric d on the set S% 
is called locally Euclidean if for all P € S%, there exists t > such that 

d(Q, i?) = d E (Q, R) for all Q,Re B t (P) = {S G ^ | d(P, S 1 ) < £}• 

Suppose that < s < 1. Let — P denote the antipodal point of P G S^. Let 



/ V2 - s 2 - s \ 
a = sin -1 , where < a < 7r/4. 
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Notice that sin a is a decreasing function of s and hence so is a. For all P,Qc 
S?, let (see Figure [TJ) 



d s (P,Q) 



d E {P, Q) if LPOQ <n-2a 

2rs + d E (-P,Q) if LPOQ > ir - 2a, 



where a is defined as above. Notice that if s = 1 then d 1 = d E , and d s (P, —P) = 
2rs for all Fe In L 2] the author proved 

Theorem 1.1 For all < s < 1, d s is a locally Euclidean metric on S% which 
is invariant under any Euclidean isometry. 

Note that (see [B] for a proof) 

sd E (P, Q) < d s (P, Q) < d E (P, Q) for all P, Q G 5 r 2 (1) 

and if d s (P, Q) ^ d E (P, Q) then 

d s (-P,Q)=d E (-P,Q). (2) 

We are going to use the metric spaces (S^,d s ) with < r, s < 1 to construct 
a family of pseudo metrics on B 3 . Let (see Figure [5]) 

A = {(Pr) | Pe ini(P 3 ) and < r < 1 -d E (0,P)} . 

For each A = (P, r) G A, choose and fix an isometric embedding e\ of {S%, dg) 
into (B 3 ,d E ) such that 

= e A (S, 2 ) = {Q e P 3 | d B (P, Q) = r} . 

Suppose that A C A and P,Q e B 3 . Let 

n n = (B 3 ) n+1 x A" 
[A, A, n] = (X ,X 1 ,---,X n ,X 1 ,---,X n )eIL n 
Tp^ Q = {[A, A, n] G n n | A = P, A„ = Q, and AVi, A. t G 5 Ai for all 1 < i < n} . 
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Figure 2: A = (P,r) £ A 



Let fl = {A C A | Tp^Q ^ for all P,Q £ B 3 }. Suppose that A £ fl and 
s : A — > (0, 1] is a function. Define a function d A,s : £> 3 x B 3 — > R by 

n 

rf A ' s (p,g) = rv mf £V« (erHXi-i^-HXi)) > 

[A,A,n]er P Q — * 
z— i 

where s(i) = s(A») and ej = e Ai . Notice that d*W (ei _1 (Xj_i), ej _1 (Xj)) does 
not depend on ej because ci s is invariant under Euclidean isometries for all s. 

Suppose that P, Q £ S\ C B 3 for some A £ A. Throughout this paper, we 
write d s W(P,Q) to denote d s ^ (e^ 1 (P) , e^ 1 (Q)) . Therefore we have 

n 

d A < s (P,Q) = inf yywpfi-i.Xi). 

We also write <Ie{P,Q) to denote g?£ (e7 1 (P), e^ 1 (Q)). Notice that there is no 
problem with this notation because e\ is an isometric embedding for all A £ A. 

It is straightforward that d A ' s is a pseudo metric on B 3 for all A £ Q and 
s : A — > (0,1]. 



2 Elementary properties of the pseudo metric 

In this section we study some elementary properties of the pseudo metric. In 
particular we are interested in the following question. 

Question 2.1 When is d A ' s a metric on B 3 ? If d A ' s is a metric on B 3 , when 
is (B 3 ,d A ' s ) homeomorphic to (B 3 ,d E )? 
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Suppose that A 6 fi, s : A -> (0, 1] and P,Qe B 3 . The following subset of 
Tp,Q will turn out to be useful. 

r p,Q = {[X, X,n] E r P ^Q | for all 1 < i < n, 

Xj_i and Xi are antipodal on S\ i or d 8 ^ (Xj_i, X,-) — d,E{Xi-i,Xi)\ 

Let [X, A, ra] = (X , X u • • • , X n , Ai, • • • , A„) G T P ^ Q and A; = (P*, n). Sup- 
pose that d s ^(Xi^i, Xi) ^ dsiXi^i, Xi) for some 1 < i < n. Let — X^_i be 
the antipodal point of X^\ on S^. Notice that 

er\-X^ x ) = -er^X^), 

where — e^ 1 (Xj_i) is the antipodal point of e~ 1 (Xi-i) on S%.. From eq. @ we 
have d s ^(-Xi-x,Xi) = d E (-Xi-i,Xi). Therefore 

= 2r i s(A i ) + efe(-X i _i,X i ) 

= <f"« -X^) + d'WC-JTi-i.Xi). 

From this observation we have 

n 

d A > s (P,Q) = inf ^''(Xi.i^). (3) 

Suppose that A e f2. A is called piecewise dense if for all distinct two points 
P,Q £ B 3 , there exists [X, X,n] G r^g (see Figure [3]) such that X, is on the 
Euclidean segment PQ and de(P, Xj_i) < ds(P, Xi) for all 1 < i < n. 



P 

















S\ 2 



Q 



Figure 3: piecewise dense 

Note that, for these Xj's, we have 2i=i ^£;(Xi_i, Xj) = cZe(P, Q). Let 

A t = {(F,r)eA|r<t}. 

Notice that if A t C A for some i > then A is piecewise dense. 

By the following theorem if A is piecewise dense and s is bounded below by 
some so > 0, then d A ' s is a metric on B 3 and the identity map from (B 3 ,dE) 
to (B 3 ,d A ' s ) is a homeomorphism. 
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Theorem 2.1 Suppose that A £ O, s : A — ► (0, 1] and P,Qe P 3 . 

1. //A is piecewise dense then d A ' s (P,Q) < d E (P, Q)- 

2. If s is bounded below by some so > £/ien d A ' s (P,Q) > soc?_e(P, Q). 

Proof. Suppose that A is piecewise dense and P, Q G P 3 . We may assume that 
P Q. Choose [X, A, n] £ ^p,q such that Xi is on the Euclidean segment PQ 
and dE(P, Xi— i) < ds(P, Ai) for all 1 < i < n. From eq. ([1]) we have 

n n 

d A > s (P,Q) < ^d s «(AV 1; A0 ^^^(AVi,^) =d E (P,Q)- 

i=l i=l 

Suppose that s is bounded below by some So > and P, Q £ B 3 . From eq. 
(fTJ) we have 

n 

d A ' s (P,Q) = inf Vfl'^XH,!,) 

[x,A,n]er P , Q ^ 

n 

> inf Y^siX^dEiXi^Xi) 



> inf > sods(Xi-i,Xi 



[x,x,n]er PiQ . =i 



s inf y^d_E(Ai_i, Ai) 



i=l 

> s Q d E {P,Q). 



3 The application 

The application in this section is motivated by the famous 3-dimensional Poincare 
conjecture. 

Poincare Conjecture // a compact connected 3-manifold is homotopic to S 3 
then it is homeomorphic to S 3 . 

See [H 13 El El QUI HI] for the recent progress on the Poincare conjecture by 
Perelman. The work of Perelman is geometric and analytic. See [^1 [31 HI El [HI 
[T3l [2] for the topological approach to the Poincare conjecture. 

Let (M, d) be a compact connected 3-manifold with metric d which is homo- 
topic to S 3 . Suppose that h : (M 7 d) — ► (S 3 ,dE) be the homotopy equivalence, 
where d E is the Euclidean metric on S 3 C R 4 . Let g : (S 3 , d E ) — > (M, d) be any 
function such that g o h(m) = m for all m £ M. Note that g is not necessarily 
continuous. 
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Question 3.1 Suppose that x,y € S 3 . How can we compare d(g(x), g(y)) with 
d E (x,y)? 

One possible approach to the above question is as follows. For a fixed point 
mo € M, define a function / : (S^rig) — + R by f(x) = d(m ,g(x)). Notice 
that d(g(x), g(y)) > f(x) — f(y) for all x,y £ S 3 and f(S 3 ) C [0, a] for some 
a > because (M, d) is compact. Therefore the following question could be a 
subquestion of Question l3.ll 

Question 3.2 Suppose that f : (S 3 ,dE) — > [0,a] is a function and x, y G S 3 . 
What can we say about f(x) — f(y) and dE(x,y)? 

There is no countable-to-one continuous function from (5* 3 , cIe) to the closed 
interval [0, a]. And any countable-to-one function on S 3 induces countable-to- 
one functions on subsets of S 3 . As an application of the pseudo metric of 
previous sections, we will prove the following theorem in the next section. 

Theorem 3.1 (Main Theorem) Let S 2 be the boundary of B 3 C R 3 . Sup- 
pose that a > and f : S 2 — > [0, a] is a countable-to-one function. Then AfAi^ 
is uncountable for all n£N, where 

AfAi^ — {x G S 2 | there exists y € S 2 such that f(x) — f(y) > ndE{x, y) } . 

Note that NJ^Cj does not contain the set of discontinuities of /. For example, 
if C be a countable dense subset of S 2 and 

ft \ _ / 1 H x E C 
^ ' y otherwise 

then ATM™- — C for all n S N but / is discontinuous at every point on S 2 . 

Notice that Theorem ETTI is not true for S 1 = {(x,y) \ x 2 + y 2 = 1} C R 2 . 
For example, if g(x) = dE(x,xa) for some fixed xq G S 1 then g~ 1 (t) has at most 
two elements for all t but AfA4g = because 

g( x ) - fj(y) = d E (x,x ) - d E {y,x ) < d E (x,y) for all x,y e S 1 . 

Notice also that countability of is crucial in Theorem 13. II For example, 

if h{x) = dE(x,xo) for some fixed xo € S 2 then is uncountable for all 

< t < 2 andAfMl = 0. 

4 Proof of Theorem 13.11 

In this section we prove Theorem 13.11 We write S 2 to denote the boundary 
of B 3 C R 3 throughout this section. First, we will show that the following 
theorem implies Theorem 13. II 

Theorem 4.1 Suppose that f : S 2 -> [0,1] is a countable-to-one function. 
Then MM. 2 is uncountable. 
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Theorem 14.11 implies the following theorem. 



Theorem 4.2 Suppose that a > and f : S 2 — > [0, a] is a countable-to-one 
function. Then MM.} is uncountable. 

Proof. Choose weN such that n > a and define a function g by g(x) = —f(x). 
Then g : S 2 -> [0, £] C [0, 1] and 

MM) = {x G S 2 \3yeS 2 such that f(x) - f(y) > 2d E (x, y)} 

= {x G S 2 | 3y G S 2 such that ng(x) - ng(y) > 2d E (x, y)} 
D {x G S 2 | By G S 2 such that g(x) - g(y) > 2d E (x,y)} 
= MM 2 . 

Notice that is countable for all t because = f (nt). Therefore 

by Theorem 14. 1[ MM 2 is uncountable. Hence MM 2 ? is uncountable. 1 

Due to Theorem 14.21 we can prove Theorem 13. II 

Proof of Theorem 13.11 Define a function h by h(x) — ^f(x). Notice 
that MM r f D M M\. Notice also that h~ x (t) is countable for all t because 
= f~ l (nt). Therefore by Theorem 14.21 MM 2 is uncountable. Hence 
MM 1 } is uncountable. I 

In the remaining of this paper we will prove Theorem 14.11 Suppose that 
/ : S 2 — > [0, 1] is a function. Notice that if x G S 2 then | G int{B 3 ). From now 
on, we will use the following fixed A G fl and s : A — » (0, 1] to prove Theorem 
[0](see Figure HI). 

A = A | = |(P ) r)GA|r<i 
as 1\ _ l + /(z) , 



s ( — , — I = for all x G 5 and s = 1 otherwise. 

\2 2 J 2 

Notice that A is piecewise dense and the function s is bounded below by |. 
By Theorem 12.11 d A ' s is a metric on B 3 and the identity map from (B 3 ,d E ) to 
(B 3 ,d A ' s ) is homeomorphism. 

The following two lemmas will turn out to be useful. 

Lemma 4.1 Ifd A > s (P, Q) < § tfien d A ' s (P, Q) = d B (P, Q) /or all P,Qe B 3 . 

Proof. Suppose that P, Q G P 3 and d A - s (P,Q) < \. Let 

rf Q = [[X,X,n] G r^ Q | for all 1 < i < n, d s(l) (JK^-i, A,) = d E (AVi,A^)} . 
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Suppose that [X, A, n] € Tp g \ Tpg. There exists j such that Xj-x and Xj are 
antipodal on S\, with Aj = (§, ^) for some ieS 2 . Therefore 

fv^r,^) > i-W^x, JTj) = 1±M > I. 

Recall that d A ' s (P, Q) < |. Therefore from cq. ©, we have 

n 

d A > s (P,Q) = inf Vd sW (^-i>^) 

[X,A,n]6r> i0 ^ 

71 

mf r^'fij-ai) 

[X,A,n]er| <Q ^ 

n 

inf V^fX.-bl,) 
[X,A,n]£r| <Q ^ 

Since A is piecewise dense, we have d A > s (P,Q) < d E (P,Q). Therefore 

d A > s (P,Q) = d E (P,Q). 



Lemma 4.2 If d E {P, Q) < \ then d A > s (P, Q) = d E {P, Q) for all P,Q e B 3 . 

Proof. Suppose that d E (P,Q) < \. Since A is piecewise dense, we have 
d A ' s (P,Q) < d E (P,Q) < \. Therefore from LemmaHU we have d A > s (P,Q) 



- 



d E (P,Q). I 
Suppose that O = (0, 0, 0) € B 3 and x £ S 2 . Recall from eq. © that 

n 

d A ^(0,x)= inf JQ). (4) 

[X,A,n]6r^ ja> ^ 

The following subsets of Tq x will turn out to be useful. 

x = I [X, A, n] G Tq x I there exists unique i such that Xj_i and Xi 
are antipodal on S\ t with A^ = — ^ for some j/ S S 2 1 
T Qx = {[AT, A, n] G x | there exists y G S* 2 such that 
*i=yand Ai= (|,|)}. 
Notice that for all x £ S 2 , we have 



^'(f^) ) erS^cr^cr^ (5) 



d A ' a {0,x)<d<**)(0,x) = 1+ 2 /(x) <i. (6) 
By the following two lemmas, we can use Tq x instead of Tq x in eq. 
Lemma 4.3 Suppose that x G S 2 . Then 

n 

d A < s (0,x)= inf J^d^iXi^Xi). 
[*,A,n]ei3,. ~i 

Proof. Suppose that [X,A,n] <E X \T% x . If there is no i such that AQ_i and 
Xi are antipodal on with Ai = (§,5) forsomey G S 2 , then cPW(Xj_ 1; Xj) = 
dsiXi-x, Xi) for all 1 < i < n. Therefore 

n n 

J^d^iXi-^Xi) = Y / d E (X l - 1 ,X l ) > d E (0,x) = 1. 

i=l i=l 

If there exist two distinct integers j, k such that Xj_i and Xj are antipodal 
on S\ j with Aj = (§, and Xfc_i and X}~ are antipodal on with A& = 
(|, ^) for some y, z G S 2 , then 

n 

> d^iXj.^X^+d^iXk^Xk) 

i=i 

> i_±m i+m 

2 2 

> 1. 
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Therefore by eq. (O and ©, we have 



d A ' s (0,x) = inf V d^fXi-uXi 
[x,A,„] G r»^ 



Lemma 4.4 Suppose that x £ S 2 . Then 

n 

d A ' s (0,x) = inf WW^.^). 



Proof. Suppose that [X, A, n] £ Tq x \ Tq x . There exists unique j ^ 1 such 
that and Xj are antipodal on with Xj = (|, 5) for some y € 5 2 . Let 

Xj-i = z and Xj = —z (see Figure [5]). Note that z and — z are antipodal on 
Sa., ■ Note also that O and y are antipodal on S\ ] , too. 
If d A ' s (0, z)>\ then from eq. (0) and ©, we have 

fvWpfi.!,*,) > Y,d'®(X i .. u X i )+drtt&{z,-z) 

i=l 1=1 

> d A > s (0,z)+d<%'^{z,-z) 

> 1 ■ ! + 
- 2 2 

> 1 

2 

n 

> inf WW^.Xi). (7) 

If d A < s (0, z) < \ then from Lemma |4~T1 and l4~2l we have 

d A ' s (0, z) = d B (0, 2) = -z) = d A ' s {y, -z). 

Therefore 



i=l 



1=3 + 1 

> d A > s {0,z)+ - ' + d A ' s (-z,x) 



ja. s ^ ^ , 1 + f(y) , ja„ 
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V 




Figure 5: z 7^ O 



= d A - s (y,-z) + ^±l^-+d A ^(-z,x) 



1 + m 



2 [x,\,7i]er y 



inf ^^(X^uXi). (8) 



i=l 



Suppose that (Yq, Y\, ■ ■ ■ , Y m , X[, ■ ■ ■ , X' m ) G and let s'(i) = s(A-) for all 
1 < i < m. If there exists j such that and Yj are antipodal on S\>, with 

A^ = |) for some w G S 2 , then from eq. (J5J and © we have 



/(y) 



+ I±£M>1>I±M> inf ^fl^x,). 
2 2 [x,A,n]erg ia! ^ 

If there is no i such that y_i and y are antipodal on 5 v. with AJ- = (-f , |) for 
some w & S 2 , then from the definition of we have 



i + f(y) 



■ Vd s ' w (y_i,y) > inf J^d^iXi^Xi). 



Therefore in eq. ([8]) we have 
! + /(») , 



inf Vd'W^.i.JCi) > inf VfB^i.Ii). 



2 [x,A,n]er v ,„ [x,A : n] G r3 ia; ._ [ 
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Therefore from eq. ©, ©, ® and Lemma EOl we have 

n 

d A - s {0,x) = inf Yd^iX^Xi). 



Due to Lemma 14. 4l we can prove the following proposition which will be used 
in the proof of Theorem 14.11 

Proposition 4.1 Suppose that x E S 2 . Ifd A ' s (0,x) ^ i±|M then x E MM). 
Proof. Suppose that x E S 2 and d A ' s (0,x) ^ 1+ { (x) . From eq. © we have 

By Lemma H3J there exists y E S 2 such that 

C,y = Xi,X 2 , • • - ,X n _i,a; = X n , Qy, ^ , A 2 , ■ • ■ ,A„j E Y d x 
±±pd >d <U) {0 ,y)+j2d sii Hx i _ 1 ,X i ). 

i=2 

Since 

^^>^-)(o, y)+ x:^(x i _ 1 ,^>i±« + ^( 2/>a; ) ) 

i=2 

we have 1 > /(x) — /(y) > 2d A ' s (y,x). Therefore from Lemma [4.11 we have 
d A ' s {y,x) = d E (y,x). Thus f(x) - f(y) > 2d E (x,y). Hence x E MM). I 



We need the following fact in the proof of Theorem 14.11 

Fact 4.1 R 2 \ C is path- connected if C is a countable subset o/R 2 . Therefore 
S 2 \C is path- connected if C is a countable subset of S 2 . 

Suppose that A = R 2 \ C and P,QE A. There are uncountable straight lines in 
A which contain P and there are uncountable straight lines in A which contain 
Q. We can choose non-parallel two lines to find a path from P to Q. 
Now we can prove Theorem 14.11 



Proof of Theorem 14.11 Suppose that / : S 2 — > [0, 1] is a countable-to-one 
function. To get a contradiction suppose that MM) is countable. Notice that 
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UteQ / i s countable, where Q is the set of rational numbers. Therefore the 
following set A is path-connected by Fact 14.11 



s 2 \ [ [ u r\t) ) u^Mj 

Define a function g : (A, rig) — > [0, 1] by g(x) = d A ' s (0, x). Since A is piecewise 
dense, we have 

\g(x)-g(y)\ = \d A ' s (0,x) - d A - s (0,y)\ < d A - s (x,y) < d E (x,y). 

Therefore g is a continuous function and hence g(A) is path-connected. 

From Proposition 14.11 we have g(x) = 1+ ^ x ^ for all x G A. Therefore g(x) 
is an irrational number for all x S A. Notice that is countable for all 

t and A is a uncountable set. Therefore g(^4) is a uncountable subset of irra- 
tional numbers. Therefore g{A) is not path-connected. This is a contradiction. 
Therefore AfA4 2 j is uncountable. 1 
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